Expected values for the a.d. number and 3D-iterations

Diego A. Mejia (TU Wien)

Diego A. Mejia
Technische Universitat Wien

Winter School in Abstract Analysis
Hejnice, Czech Republic
February 5th, 2016

a and 3D-iterations

05.02.2016

1/

23



This is a part of a joint work with V. Fischer, S. Friedman and D.
Montoya-Amaya

Diego A. Mejia (TU Wien) a and 3D-iterations 05.02.2016 2/23



Some basic notions

e For f,g € w¥, f <* g (g dominates f ) means that f(n) < g(n) for
all but finitely many n < w.

@ The bounding number b is the least size of a <*-unbounded subset of
w®.

@ The dominating number ¥ is the least size of a <*-cofinal family in

wv.
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e For f,g € w¥, f <* g (g dominates f ) means that f(n) < g(n) for

all but finitely many n < w.

@ The bounding number b is the least size of a <*-unbounded subset of
w®.

@ The dominating number ¥ is the least size of a <*-cofinal family in
w®.

o AC [w]™ is an a.d. (almost disjoint) family if a N b is finite for any
distinct a, b € A.

@ The a.d. number a is the least size of an infinite mad (maximal a.d.)

family.

b<dand b <a. \
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Effect of some classical ccc posets on a

o (Kunen 1980) Under CH, there is an infinite mad family which is
preserved mad in any C,-extension.
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Effect of some classical ccc posets on a

o (Kunen 1980) Under CH, there is an infinite mad family which is
preserved mad in any C,-extension.

@ The above also works for any random algebra BB,.

e (Brendle and Judah and Shelah 1993) D adds a mad family of
size N;.

e (Brendle 1995) LOC and E adds a mad family of size ;.

Theorem (Steprans 1993)

C., adds a mad family of size X1 which is preserved mad in further Cohen
extensions.

Typically, it requires a lot of work to increase a (beyond b). J
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Problem

Main problem

Find the value of a in generic extensions of some ccc FS-iteration,
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Problem

Main problem

Find the value of a in generic extensions of some ccc FS-iteration, e.g.
(k < u < v uncountable regular, v < X\, A<F = ))

(i) a FS-it. forcingb=0=p<c= A\
(ii) a FS-it. forcing b =k < cov(M) =pu <0 =\
(iii) a FS-it. forcing b=k <cov(M) =p<d=v<c= A
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Problem

Main problem

Find the value of a in generic extensions of some ccc FS-iteration, e.g.
(k < u < v uncountable regular, v < X\, A<F = ))

(i) a FS-it. forcingb=02=pu<c= A\
(ii) a FS-it. forcing b = Kk < cov(M)
(iii) a FS-it. forcing b = k < cov(M)

With © = 8y, a FS-it. of length w; over a model with ¢ = X\ works for (i)
and forces a = Nj.
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Problem

Main problem

Find the value of a in generic extensions of some ccc FS-iteration, e.g.
(k < u < v uncountable regular, v < X\, A<F = ))

(i) a FS-it. forcingb=02=pu<c= A\
(ii) a FS-it. forcing b = Kk < cov(M)
(iii) a FS-it. forcing b = k < cov(M)

With © = 8y, a FS-it. of length w; over a model with ¢ = X\ works for (i)
and forces a = Nj.

Many of these iterations force a = b... at least by technical changes in
their construction.
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The natural strategy would be

(1) Add a mad family of certain size (expected to be b at the end).

(2) Construct the desired iteration afterwards while preserving the mad
family.

J. Brendle and V. Fischer succeeded to find the methods!

Theorem (Brendle and Fischer 2011)

If k < p are uncountable regular and pX° = 1 then there is a ccc poset
forcingb=a=kx<s=rc¢=pu.
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Adding a mad family

Definition (Hechler 1972)

For a set X define the poset Hx:
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Adding a mad family

Definition (Hechler 1972)

For a set X define the poset Hx:
e Conditions: p: F, x n, — 2

<Ry Npe 0000101
where Fj, € [X] and 0000101
0100110
np < w. 1101011
1111111
0011110
0000010
1101011
1101011
1100000
X

F
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Adding a mad family

Definition (Hechler 1972)

5 U
For a set X define the poset Hy:
g n
e Conditions: p: F, x n, — 2 " 10000000
<N5 P Npe -:0100000*
where Fj, € [X]<" and §§§§‘}§é
n, < w.
P | Lo
® Order: g < piff pC g and, 0000010
- . 1101011
for any i € ng \ np, there is 1101011
1100000 X
at most one x € F, such F, F,
that p(x, i) = 1.
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Adding a mad family

The poset adds generically a family A|X := (Ax : x € X) of subsets of w
where
i € Ax iff p(x,i) =1 for some p € G.
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Adding a mad family

The poset adds generically a family A|X := (Ax : x € X) of subsets of w
where

i € Ax iff p(x,i) =1 for some p € G.
A|X is a.d.. Additionally, when X is uncountable, it is mad.

@ Hyx is ccc, moreover, it has precaliber w;.

@ X C Y implies Hx < Hy.

e If C is a C-chain of sets and Y = | JC then Hy = limdirxccHx.
Therefore, if 4 is a limit ordinal, Hs comes from the FS-iteration
(Hy, Qo) a<s Where Q, is o-centered.

@ Hx ~ C when X is countable.

e Hx ~ C,, when |[X|=N;.
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Preservation properties

Definition (Brendle and Fischer 2011)

Let M be a transitive model of ZFC, A= {A,:z € Q} € M a family of
infinite subsets of w and B* € [w]™°.
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Preservation properties

Definition (Brendle and Fischer 2011)

Let M be a transitive model of ZFC, A= {A,:z € Q} € M a family of
infinite subsets of w and B* € [w]™. B* diagonalizes M outside A if, for
any h:w x [Q<® — w, h€ M, and any m < w there are i > m and

F € [Q]<% such that [i, h(i, F)) ~ U,cr Az C B*.

Lemma (Brendle and Fischer 2011)

Let A, M and B* as above. If B* diagonalizes M outside A then
|X N B*| =Yg for any X € M N [w] < Z(A).
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Preservation properties

Definition (Brendle and Fischer 2011)

Let M be a transitive model of ZFC, A= {A,:z € Q} € M a family of
infinite subsets of w and B* € [w]™. B* diagonalizes M outside A if, for
any h:w x [Q<®0 — w, h€ M, and any m < w there are i > m and

F € [Q]<% such that [i, h(i, F)) ~ U,cr Az C B*.

Lemma (Brendle and Fischer 2011)

Let A, M and B* as above. If B* diagonalizes M outside A then
|X N B*| =Yg for any X € M N [w] < Z(A).

Lemma (Brendle and Fischer 2011)

InV, let Q be a set and z* € Q. Then, in V2, A,. diagonalizes
VHo 5} outside A|(Q ~ {z*}).
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An application

Theorem (essentially Brendle 1991)

Let k < p be uncountable regular cardinals, ;1 < X such that A\<% = \.
Then, there is a ccc poset forcing

cov(N) non(M) | cof(M) cof(N) o
1
b 0 A
Ko
Nie Lodb==
add(N) add(M) cov(M) non(N\)
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An application

Let k < u be uncountable regular cardinals, ;i < X such that A<% = \.

Then, there is a ccc poset forcing

cov(N) non(./\:l)_ N Eof(‘./\/l) cof(N) o
-1
b 0 A
add(N) add(M) cov(M) non(N\)

anda="b = k.
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V= Vo

VHsr = Vo508
Ag

VI = Vo

Vi =1,
Ay
V=Voo

A:=Alk ={Ag: f < k} is a mad family in Vg .
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VB =V e

VHosr = V]

08418
Ag
VI = Vo

A:=Alk ={Ag: f < k} is a mad family in Vg .
Ap diagonalizes Vj g outside A|S (for all 5 < k).
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Vo x BV Vos1s
.

VB =V e B
Va.p+1 EVas+1 Vas1,841
VHi = V5008 e A
Ag
Va8 EVe.s Vat1,8
VI = Vo - LA 0\l at1.8

Vo W Vi,
VEL =V, Sel Bt e
A”[
v, Ve v,
V = Voo Vao EVao 10

A:=Alk ={Ag: f < k} is a mad family in Vg .
Ap diagonalizes Vj g outside A|S (for all 5 < k).
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Vo Ve Vatie Na Votom
VE: =V e E D
Vatitas)41  DNa Vat2,t(at1)+1
> .
1 Vatat(at1)
.
Va1 Vo 41
VHsor = V500 as E
Ag
Vs v Vat1,6
VEs — Vs e E 5
Va1 Vet Vat1,1 Vat2.1
VEL =V, . E L :
Ay
| EVe | |
V= Voo Vao EVeo 11,0 1 2420

A:=Alk ={Ag: f < k} is a mad family in Vg .

Ap diagonalizes Vj g outside A|S (for all 5 < k).
Ne € Viag1,t(ar1) is @ transitive model of ZFC of size < x.
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Vo x Ve Vos1.s Na Voraw Vapw
VHe — Vors M E +1, D 2, )\.‘

Vatitas)41  DNa Vat2,t(at1)+1
re— T ~e
Vat1,t(at1) 1 Vasn,t(at1)
e ~e
Vo g41 Vst Vot1,6+1 Vau g1
VHor = V) 5018 e B <
Ag
Vs Va5 Vat1,6 Vi
VHS =V Jof  Bler  Vedls ey
Va1 Ve Vat1,1 1 Vata,1 Va1
VE =, - . ~e
1o
P Voo EVao Vat1,0 1 Vat2,0 Vauo
V = Voo N : 24

A:=Alk ={Ag: f < k} is a mad family in Vg .

Ap diagonalizes Vj g outside A|S (for all 5 < k).

Ne € Viag1,t(ar1) is @ transitive model of ZFC of size < k.
Parallel FS-iterations of length Ay
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Technicalities

Fix M C N transitive models of ZFC, A € M and B* € N diagonalizing M
outside A.

B* € Ne

Ac Me
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Technicalities

Fix M C N transitive models of ZFC, A € M and B* € N diagonalizing M
outside A.

B* € N’L”NP

Ae M

L Vis

Lemma (Brendle and Fischer 2011)

Let P € M be a poset. Then, in N¥, B* diagonalizes M* outside A.
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outside A.

N
B* € N.—)oN]EN

M
Ae M

° M]EM

Lemma (Brendle and Fischer 2011)

Let P € M be a poset. Then, in N¥, B* diagonalizes M* outside A.

In NEY, B diagonalizes ME" outside A. \
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Technicalities

Fix M C N transitive models of ZFC, A € M and B* € N diagonalizing M
outside A.

N
B* € N.—)oN]EN

M
Ae M

.M]EM

Lemma (Brendle and Fischer 2011)

Let P € M be a poset. Then, in N¥, B* diagonalizes M* outside A.

In NEY, B diagonalizes ME" outside A. \

The same holds for random forcing and Cohen forcing. J

Diego A. Mejia (TU Wien) a and 3D-iterations 05.02.2016 13 /23



A general result

Theorem

Let k be an uncountable regular cardinal. After forcing with H,, any
further FS-iteration where each iterand is either

preserves the mad family added by H,.

Diego A. Mejia (TU Wien)

a and 3D-iterations

05.02.2016

14 / 23




A general result

Theorem
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(i) in {C, random,E} or

preserves the mad family added by H,.
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A general result

Theorem

Let k be an uncountable regular cardinal. After forcing with H,, any
further FS-iteration where each iterand is either

(i) in {C, random,E} or

(i) a ccc poset of size < K,
preserves the mad family added by H,.

Diego A. Mejia (TU Wien)

a and 3D-iterations
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More examples

Corollary

Let 6y < 01 < k < p be uncountable regular cardinals, n < X\ such that
A<f = \. Then, there is a ccc poset forcing

cov(N) non(/\:l)_ N Eof(_./\/l) cof(N) o
Z ’ j
b 0 A
0o Ko
Nie Lodees
add(N) add(M) cov(M) non(N\)

anda="0b = k.
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More examples

Corollary

Let g < k < p be uncountable regular cardinals, i < X\ such that
A<f = \. Then, there is a ccc poset forcing

cov(N) non(/\:l)_ N Eof(_./\/l) cof(N) .
u f o
|
b 0 A
0o Ko
Nie Ladb==
add(N) add(M) cov(M) non(N\)
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More examples

Corollary

Let g < 61 < k be uncountable regular cardinals, \ such that A<% = \.
Then, there is a ccc poset forcing

cov(N) non(./\:l)_ 1 Eof(‘/\/l) cof(N) o
b T
b 0 A
o Ko
Nie Lo=dl==
add(N) add(M) cov(M) non(N\)

anda="b = k.
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A matrix iteration application

Theorem (M. 2013)

Let u < v be uncountable regular cardinals, v < X\ such that ARo — )
Then, there is a ccc poset forcing

cov(N) non(M) | cof(M) cof(N)

addNV) | add(M)  cov(M) | non(W)
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... turned into a 3D-iteration!

Let k < u < v be uncountable regular cardinals, v < \ such that Ao = ),
Then, there is a ccc poset forcing

cov(N) non(M) | cof(M) cof(N)

|
Nie Loedb==
add(N) add(M) cov(M) non(N)

and a = b.
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More examples

Let g < 01 < k < u < v be uncountable regular cardinals, v < \ such
that A< = \. Then, there is a ccc poset forcing

cov(N) non(M) cof(M) cof(N)
2L L ELE oc
61 " T Y
b 0 A
bo Ko
Nie Leadb==
add(N) add(M) cov(M) non(N)
and a = b.
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What happens to a in a FS-iteration of D of lenght 1 > Ny (regular) over
a ground model where ¢ > pu?
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What happens to a in a FS-iteration of D of lenght 1 > Yy (regular) over
a ground model where ¢ > pu?

v

Is it possible to obtain a = b in Goldstern-M.-Shelah (2016) model of

cov(N) non(M) cof(M) cof(N)

add(N) add
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