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Basic notions — almost disjoint families

Definition

A family A of infinite subsets is said to be almost disjoint (AD) if
AN B is finite for any A # B from A.

@ Throughout this talk, we will only consider infinite (usually
even uncountable) AD families of subsets of N.

o We will “ignore” finite sets. If elements of two AD families
differ on some finite sets, we would not distinguish them.
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Basic notions — quotient structure

o Fin={a CN:|a| <w} is the ideal of finite subsets of N
o 7 : p(N) — p(N)/Fin is the quotient map

Definition
We would denote by Fincofin(x) the Boolean algebra of finite and
cofinite subsets of x (where « is a cardinal number).

A

If A is an AD family, then 7[A] is a disjoint family; and the
Boolean subalgebra of o(N)/Fin generated by m[.A] is isomorphic
to Fincofin(].A]). And vice versa, any subalgebra of ©(N)/Fin
isomorphic to Fincofin(k) is generated by a (unique) disjoint family
A*, which can be lifted to some AD family in N.

V
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o 7 : p(N) — p(N)/Fin is the quotient map

Definition

We would denote by Fincofin(x) the Boolean algebra of finite and
cofinite subsets of x (where « is a cardinal number).

A

If A is an AD family, then 7[A] is a disjoint family; and the
Boolean subalgebra of o(N)/Fin generated by m[.A] is isomorphic
to Fincofin(].A]). And vice versa, any subalgebra of ©(N)/Fin
isomorphic to Fincofin(k) is generated by a (unique) disjoint family
A*, which can be lifted to some AD family in N.

V

Question: Are all AD families of a given cardinality “the same"?
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Are all AD families the same?

Definition

Let A and B be two structures. We would say that A is
B-automorphic if for any substructures By, B> isomorphic to B of
the same codimension (i.e. dens(A/B;) = dens(A/B5)) any
isomorphism between B; and B, extends to an automorphism of A.

Is o(N)/Fin a Fincofin(wj )-automorphic algebra?

Question’ (equivalent)

Is it true that for any two AD families A, B of cardinality w; there
exists a Boolean automorphism h of p(N)/Fin such that
hom| 4= m|g?
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Are all AD families the same?

Definition

Let A and B be two structures. We would say that A is
B-automorphic if for any substructures By, B> isomorphic to B of
the same codimension (i.e. dens(A/B;) = dens(A/B5)) any
isomorphism between B; and B, extends to an automorphism of A.

Is o(N)/Fin a Fincofin(wj )-automorphic algebra?

Question’ (equivalent)

Is it true that for any two AD families A, B of cardinality w; there
exists a Boolean automorphism h of p(N)/Fin such that

hom| 4= m|g?

Answer: no.
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Example of two families

Given two families B,C, we say that a set X C N separates B and
Cif BC* X forevery Be Band AN X =* () for every A€ C.

There is an AD family of cardinality wy such that no two
uncountable subfamilies can be separated.

“Cantor family”

Branches of the tree 2<% constitute an AD family on a countable
set. Every uncountable subfamily of this family has many
separations.
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Example of two families

Given two families B,C, we say that a set X C N separates B and
Cif BC* X forevery Be Band AN X =* () for every A€ C.

There is an AD family of cardinality wy such that no two
uncountable subfamilies can be separated.

“Cantor family”

Branches of the tree 2<% constitute an AD family on a countable
set. Every uncountable subfamily of this family has many
separations.

Observation: one of these almost disjoint families is contained in
some bigger algebra, the other one is not.
Notion: partition algebras?

Matgorzata Rojek Almost disjoint families under automorphisms



Setting — Banach spaces

We define:
loo(T) = {(Xa)aer € R" : x, is bounded}

() = {(Xa)acr € R" : Veso Ipeqry<e [Xa| < € for a € T\ F}
both considered with the supremum norm. In particular:
@ (oo = loo(N) is the space of bounded sequences
e ¢y = cp(N) is the (sub)space of sequences convergent to 0
@ //cp is the quotient space with the quotient norm and
T loo — loo/ o is the quotient map
e for f, g € l, we would also write f =* g iff f — g € ¢ or,
equivalently, 7(f) = 7(g)

Side remark

loo = C(BN) = C(S(p(N))
loo/co = C(N¥) = C(S(p(N)/Fin))




Setting — AD families in Banach spaces

We have natural correspondences between sets (elements of
algebra) and characteristic functions (vectors in Banach spaces):

e p(N) > X — 1x € U
o p(N)/Fin > m(X) = 1y (x) = T(1lx) € fo/0

Definition

Let A be an AD family. We define the following space:

Ya=3pan{la A€ A} Clx/c

Y 4 is isometrically isomorphic to ¢p(w1)
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Banach space automorphisms — isometries

Isometric isomorphisms T of ¢, /cy correspond to Boolean
automorphisms h of p(N)/Fin:

@ if his a Boolean automorphism then the formula
Th(1g) = 1up) defines an isometric isomorphism of £,/ co

e if T is an isometric automorphism of /o, /co, then
ht(B) = supp(T(1g)) defines an automorphism of p(N)/Fin

There exist two AD families A, B such that there is no isometric
automorphism T of ¢, /cy with the property that T[Y4] = Y5. So
U/ o is not isometrically co(wi)-automorphic.

v

Matgorzata Rojek Almost disjoint families under automorphisms



Banach space automorphisms

Is it true for any two AD families A, B of cardinality w; there exists
an automorphism T of ¢, /cy (not necessarily isometric) that sends
{17T(A) A€ .A} onto {17r(B) :B e B}?

Is {so/co @ co(w1)-automorphic?

(the property from question 2 is stronger)
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A useful space

We denote:
Cc(r) := {A C k: Ais countable or cocountable}

05 (k) == {f € lx(k) : f is countably supported}

@ characteristic functions 14 for countable A C & are linearly
dense in ¢S (k). As a consequence, any Boolean embedding of
Cc(k) into A induces an isometric embedding embedding of
05, (k) into C(S(A))

® co(r) is a subspace (5 (k) (it is Span{ly,y 1 a < k})
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When there is no automorphism

Theorem (Koszmider, R. 2025)

There is an isomorphic Boolean embedding
h: Cc(w1) — ©(N)/Fin. Consequently, there is an isometric
embedding T : 05 (w1) < loo/co.

Theorem (Koszmider, R. 2025)
If A:={A¢:& <k} is a maximal almost disjoint family then there

is no bounded operator S : (5 (k) — {oo/co such that
5(1{gy) = la(a). )
If there exists a MAD family of cardinality wy, then the space
U/ o is not co(wq)-automorphic.
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When there is no automorphism

Theorem (Koszmider, R. 2025)

There is an isomorphic Boolean embedding
h: Cc(w1) — ©(N)/Fin. Consequently, there is an isometric
embedding T : 05 (w1) < loo/co.

Theorem (Koszmider, R. 2025)
If A:={A¢:& <k} is a maximal almost disjoint family then there

is no bounded operator S : (5 (k) — {oo/co such that
5(1{gy) = la(a). )
If there exists a MAD family of cardinality wy, then the space
U/ o is not co(wq)-automorphic.

Question: could we find similar examples in ZFC?
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When there exist automorphisms

Theorem (Koszmider, R. 2025)

Assume MA, (o-centered). Then for every two almost disjoint
families A, B of cardinality s and any bijection s : A — B there
exists an automorphism T : /o, — {o such that T[co] = ¢y and
T(1a) =" Ls(a)-

Theorem (more general) (Koszmider, R. 2025)

Assume MA, (o-centered). Then for every two subspaces Yi, Y2 of
l~/ co isomorphic to cp(x) and any isomorphism S : Y7 — Y5 there
exists an automorphism T : (o, — {o such that T[co] = ¢o and
the automorphism of ¢, /co induced by T is an extension of S.

Under MA,;(o-centered) the space (o /co is co(wi)-automorphic.

Matgorzata Rojek Almost disjoint families under automorphisms



Other automorphic properties

©(N)/Fin is countably automorphic, i.e., it is B-automorphic for
any countable Boolean algebra B.

But, as we have seen, there are algebras B of cardinality wy such
that p(N)/Fin is not B-automorphic (e.g. B = Fincofin(w1)).
Also:

Theorem (Avilés, Cabello Sanchez, Castillo, Gonzalez, Moreno)

l~ /o is separably automorphic, i.e., it is Y-automorphic for any
separable Banach space Y.
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Further questions

© For what other spaces Y the space ¢,/ ¢p is consistently
Y -automorphic?

@ s it consistent that {,/cp is Y-automorphic for any Banach
space Y of density w?

@ Is it provable in ZFC that ¢ /cp is not a-automorphic? If yes,
how many classes of AD families of size a are there (if the
classes consist of families which can be mapped one onto
another by some automorphism of ¢, /c)?

@ What kind of properties of AD families can be used to
distinguish them on the level of Banach spaces?
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Thank you for your attention!
Some references:

@ A. Avilés, F. Cabello Sanchez, J. Castillo, M. Gonzalez, Y. Moreno,
Separably injective Banach spaces. Lecture Notes in Mathematics 2132.
Springer, (2016).

@ M. Hrusak, Almost disjoint families and topology. Hart, K. P. (ed.) et
al., Recent progress in general topology Ill. Atlantis Press (2014).

© P. Koszmider, M. Rojek, Almost disjoint families and some automorphic
and injective properties of o [ co, arXiv:2509.22376.
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