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Quasinormal convergence of sequences of functions

fn: X =R — sequence of continuous functions (n € w)

Pointwise convergence

(fn)iﬂfif Ve >0 Vxe X({n:|fh(x)—~f(x)] > E}GFin))

Quasinormal convergence

(f) 2% £ if H(en) > 0+ Vx € X ({n: |fa(x) — (x)| > €n} € Fin) |

Relationship between pointwise and quasinormal convergence

() Lr — (f)Dr [always “yes']
o (fn) N, ¢ <= (fn) L [in general “no”])
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QN-spaces

* (fn) M = () Zf [always “yes’]
o (fy) N, ¢ <= (fp) L [in general “no” )

Definition (Bukovsky-Rectaw-Repicky, 1991)

X is a QN-space if X does not distinguishes pointwise and
quasinormal convergence i.e. for any sequence f, : X — R of
continuous functions,

)2 f = () Lr

Definition (Bukovsky-Rectaw-Repicky, 1991)

non(QN-space) = min{|X] : X in not a QN-space}
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Purely combinatorial characterization of non(QN-space)

non(QN-space) = min{|X]| : X in not a QN-space} J

Theorem (Bukovska (>); Bukovsky-Rectaw-Repicky (<); 1991)

non(QN-space) = b

b= min{|]-"] :.Fgw‘”/\—'<3g Ew”er}"(fS*g)>}

where f<*g <= {n:—=(f(n) < g(n))} € Fin.
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Ideal convergence of sequences of functions

Let 7 be an ideal on w.

Ideal pointwise convergence

(f) === £ if Ve > 0¥x € X ({n: [fa(x) — F(x)| > &} € Fin)
(£,) =55 £ if Ve > 0Vx € X ({n: |fu(x) — F(x)| > €} € T)

Ideal quasi-normal convergence

() =2 £ i 3(en) > 0¥x € X ({n [fulx) — F(x)] > e} € Fin)

() = £if Ie) S 09x € X ({n: [fa(x) — F(x)| > en} € T)

where

(en) = 0 if Ve >0({n:|es| > €} € Fin).
(en) 250 if Ve>0({n:|en| >} € T).
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Z-QN-spaces and non(Z-QN space)

Definition

X is a Z-QN-space if for any continuous functions f,f, : X — R,

f) 5 = () 2% f

v

non(Z-QN-space) = min{|X| : X in not a Z-QN-space}

Theorem (The first guess is wrong)

non(Z-QN-space) 7é b(Z)

b(Z) = min{]]:| :]:Qw“/\—'(flg € w¥Vrf ef(fg%;))}

where f<Zg <= {n:—(f(n) < g(n))} €.

v
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Reverse the order

Definition (How about this "be” number)

b(>%) = min{|.7-"| :]-"gww/\—'<5|g € wvYVrf e ]—“(fZIg))}

It does not work, since every family F is >Z-bounded by the
constant zero function.

Definition (let's restrict the field of the relation >7)

Dr = {f €w® : f1(n) € T for every n}

Definition (This “be” works)

bow(Z) = min { || : F C Dz A~(3g € Drvr € F(£>7g)) }

Theorem (F.-Staniszewski-Kwela, and independently, Repicky)
non(Z-QN-space) = bon(Z)
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Rothberger gaps

(w, \)-gap in a poset (P, <) is a pair (A, B ) of subsets of P
such that

o |Al =wand |B| = A,
@ a < b foranyac . Aand b€ B,

@ there is no element ¢! € P with a <[€ < b forallae A
and b € B.

Theorem (Rothberger, 1941)

b = min{\: I (w, \)-gap in (P(N),C*)}
i.e.
@ there exists (w, b)-gap in (P(N), C¥),
@ and there is no (w, \) gap for A < b.
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The Rothberger numbers

b = min{\ : 3 (w, A)-gap in (P(N),C*)} J

Definition (Brendle-Mejia, 2014)

bR(Z) = min {\ : 3 (w, A)-gap in (P(N), ")},

where
ACIB «— A\ BeL.

.

@ (Rothberger) br(Fin) =b
o With the convention min{) = oo, if Z is a maximal ideal,
br(Z) = oc.

.
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Two b or not two b?

Theorem (F.-Kwela)

bon(Z) < br(T)

Question: Two b or not two b?

bon(Z) = br(Z)

In general, “two b”, because if Z is a maximal ideal,
bon(Z) < ¢ < oo = bgr(2).

Theorem (F.-Kwela)

Consistently “two b" i.e.
consistently, there is an ideal Z such that

[JQN(I) < [JR(I) <c
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Two b or not two b in Borel realm?

br(Z) <c¢ for Borel ideals? )

bon(Z) =z br(Z) for Borel ideals with bg(Z) < ¢?

4

All examples suggest: not two b.
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Bounds for some classes of ideals

N < bQN(I) <c and N < bR(I) < o0

Theorem (F.-Kwela)

° bon(Z) < 0 for weak P-ideals
o b <bon(Z) <0 for P-ideals

Theorem (Kwela)

e Consistently, 3Z (bon(Z) > 0)
e bon(Z) < 0 for Borel ideals

br(Z) < b for F, ideals (Todor&evic)

° bQN( ) < b for Borel weak P-ideals (F.-Kwela)
In particular, bon(Z) < b for all N9 ideals.
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Values for some ideals

° br(Z) = b for analytic P-ideals (Brendle-Mejia)
@ bon(Z) = br(Z) = b for meager P-ideals (F.-Kwela)

Theorem (F.-Kwela)

bon(Fin™) = bgr(Fin") = b for n € w \ {0}

Theorem (F.-Kwela)

bon(Z) = Ny if T is generated by a MAD family or Z = €D or
I=SorZ=1p.

Theorem (Brendle-Mejia)

br(Z) = Ny if Z is an F, ideal which is fragmented but not
gradually fragmented (e.g. Z = EDgip).
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Maximal ideals and some consequences

Theorem (Canjar, 1989)

Consistently, for each 8; < k, A < ¢ there are maximal ideals Z and
J with

bon(Z) =k and bon(T) = A

Theorem (F.-Kwela)
Consistently, there are ideals Zy, Z1,Z5,Z3 with

b=bon(Zo) < br(Zo) <c¢ and b <bon(Z1) <br(Z1) <c¢
b<bon(Z2) =br(Z2) <0 = and 0 <bon(Z3) =br(Z3) < C)
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Topologically defined ideals

@ bon(conv) = bon(cthl) =y (Kwela)
@ Dbgr(conv) = bg(cthl) =Ny (F.-Kwela)

In fact, if conv C Z C ctbl, then

bon(Z) = br(Z) = .

In particular, for each 2 < a < wy,

bon(CBa) = br(CB.) = Ny.
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Ideals defined in category and measure manner

br(nwd) = add(M) (Kankaanpaa)
e bon(nwd) = add(M) (Kwela)

Theorem (Kwela)
b < bon(null) < add(M)

Consequently, p < bgr(null).
In particular, consistently, bg(null) # add(/N) .

D—

Theorem (F.-Brendle-Cieslak-Kwela)
bon(null) = br(null) = add(M)
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