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De�nitions

De�nition

Let h ∈ ωω, lim supn h(n) = ∞ and F ⊆ ωω. We will say that

F ∈ fN (h) if there is a sequence (Sn)n∈ω, Sn ⊆ ωn,
∑
n∈ω

|Sn|
h(n)

< ∞,

such that
F ⊆ {x ∈ ωω : (∃∞n)(x ↾ n ∈ Sn)} ;

F ∈ f S(h) if there is a partition of ω into intervals (In)n∈ω and a

sequence (Jn)n∈ω, Jn ⊆ ωIn ,
∑ |Jn|

h(|In|) < ∞ such that

F ⊆ {x ∈ ωω : (∃∞n)(x ↾ In ∈ Jn)} ;

F ∈ f E(h) if there is a partition of ω into intervals (In)n∈ω and a

sequence (Jn)n∈ω, Jn ⊆ ωIn ,
∑ |Jn|

h(|In|) < ∞ such that

F ⊆ {x ∈ ωω : (∀∞n)(x ↾ In ∈ Jn)} ;

Replacing h with Fin replaces the series convergence condition with
�niteness of Sn and Jn.
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f E vs fN

In 2ω: E ⊆ N .

Proposition

Let h ∈ ωω satisfy h(a+ b) ≥ h(a)h(b) for any a, b ∈ ω. Then
f E(h) ⊆ fN (h).

Theorem

f E(n 7→ n2) ̸⊆ fN (p) for any polynomial p.
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fN vs f S
In 2ω: S ⊆ N .

Theorem

For every h ∈ ωω, lim supn→∞ h(n) = ∞, there exists h′ ∈ ωω such
that fN (h) ⊆ f S(h′).
For every h ∈ ωω. lim supn→∞ h(n) = ∞, there exists h′ ∈ ωω,
lim supn h

′(n) = ∞ such that fN (h′) ⊆ f S(h).

Remark

fN (2n) ̸⊆ f S(2n).
There is h ∈ ωω for which fN (h) ⊆ f S(h). (It's log)

Proposition

f S(h) ̸⊆ fN (Fin) for every h ∈ ωω, lim supn h(n) = ∞.
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In 2ω every null set is a union of two small sets (Bartoszy«ski 1988).

Problem

Let A ∈ fN (h). Are there sets S0,S1 ∈ f S(h) such that A ⊆ S0 ∪ S1?
Or at least fN (h) ⊆ σ(f S(h))?

Marcin Michalski Ideal zoo II



De�nitions
Results
Thanks!

fE vs fN
fN vs fS
fN vs fN
Orthogonality to M−

Lemma

Let s, t ∈ ωω. Assume that

(∀k ∈ ω)(∃N ∈ ω)(
∑N

i=k s(i) >
∑N

i=1 t(i)).

Then there exists

F = {x ∈ ωω : (∃∞n)(x ↾ n ∈ Sn)}, |Sn| = s(n),

such that for any

F ′ = {x ∈ ωω : (∃∞n)(x ↾ n ∈ Tn)}, (∀∞n)(|Tn| ≤ t(n)),

it is the case that F ̸⊆ F ′.
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Corollary

For every s ∈ ωω there exist (Sn)n∈ω,Sn ⊆ ωn, |Sn| = sn, and the set

F = {x ∈ ωω : (∃∞n)(x ↾ n ∈ Sn)}

such that for any set

F ′ = {x ∈ ωω : (∃∞n)(x ↾ n ∈ Tn)}, (∀∞n)(|Tn| < |Sn|),

it holds that F ̸⊆ F ′.

Corollary

Suppose that
∑

n∈ω
f (n)
g(n) < ∞ for some f , g ∈ ωω. Then there is

F ∈ fN (g)\fN (f ).
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Theorem

Let limn→∞
f (n)
g(n) = 0. Then fN (f ) ⊊ fN (g).

Corollary

There is a set {fα ∈ ωω : α < c} such that fN (fα) ⊊ fN (fβ) or
fN (fβ) ⊊ fN (fα) for α ̸= β.

Theorem

There are fα ∈ ωω, α < c, such that fN (fα) ̸⊆ fN (fβ) for α ̸= β.
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�ukasz's talk: fN (h) ⊥ M. By previous results also f S(h) ⊥ M. What
about M−?

De�nition

F ∈ M− if there are xF ∈ ωω and a partition of ω into intervals (In)n∈ω

such that
F ⊆ {x ∈ ωω : (∀∞n)(x ↾ In ̸= xF ↾ In)} .

Theorem

f S(h) ⊥ M− for every h ∈ ωω, lim supn h(n) = ∞.

fN (Fin) ̸⊥ M−.
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Thanks :-)

Thank you for your attention!

Mazurkiewicz �ukasz, Michalski Marcin, Zeberski Szymon, An Ideal
Zoo in the Baire Space, arXiv: 2510.27435.
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