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All topological spaces considered are Tikhonov.

Definition
Let s denote the countable product or real lines.

Definition

Let ¢y be the space of real sequences converging to 0 endowed with

the product topology.

Theorem (Gul’ko, Khmyleva)
The spaces ¢y x s and ¢y are homeomorphic.
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Definition

Let {(Xn, | |I,) : n € N} let be a family of topological vector spaces
equipped with a norm. The c¢y-product of the family {(Xy, || ||,,) : n € N}
is the space

(H Xn)o = {(Xn)neN € H Xn X%l — 0}

neN neN

endowed with the product topology.
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Definition

Let {(Xn, | |I,) : n € N} let be a family of topological vector spaces
equipped with a norm. The c¢y-product of the family {(Xy, || ||,,) : n € N}
is the space

(H Xn)o = {(Xn)neN € H Xn X%l — 0}

neN neN

endowed with the product topology.

Here the topology of X, does not need to be generated by the norm

Il
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Definition
For a space X, let Cp(X) be the space of real continuous functions on
X endowed with the pointwise convergence topology.
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A topological space X is called pseudocompact if every real
continuous function on X is bounded. )
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Definition
For a space X, let Cp(X) be the space of real continuous functions on
X endowed with the pointwise convergence topology.

Definition
A topological space X is called pseudocompact if every real
continuous function on X is bounded. )

For a pseudocompact space X we endow the space Cp(X) with the
supremum norm.
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Theorem (Gul'’ko, Khmyleva)

For a pseudocompact space X, the spaces ([],cy Cp(X ))0 and
[Ther Co(X) x (T1nen Co(X)), are homeomorphic.
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Theorem (Gul'’ko, Khmyleva)

For a pseudocompact space X, the spaces ([],cy Co(X ))0 and
[Then Co(X) X (TThen Co(X)), are homeomorphic.

Proof.

Let h: cg — s x ¢y be a homeomorphism constructed by Gul’ko and
Khmyleva. A sequence (fr)nen € ([],en Cp(X)), is mapped to the pair
of sequences ((gn)nen, (hn)nen) such that, for every point x € X,

h((fa(x))nen) = ((gn(X))nen, (hn(X))nen).-
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Corollary (Gul'ko, Khmyleva)

Let X be a pseudocompact space. If Cp(X) ~ ([1pey Co(X)), then
Cp(X) ~ Cp(X)“.
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Corollary (Gul’ko, Khmyleva)

Let X be a pseudocompact space. If Cp(X) ~ ([1pey Co(X)), then
Cp(X) ~ Cp(X)“.

Corollary (Gul'ko, Khmyleva)
Co ~ (Co)”

Proof.
Use the previous corollary with X being the convergent sequence.

Problem

Is it rue that (TTpex Co(X))g ~ ((TTnen Co(X)),) " for any
pseudocompact space X ?

The answer is "yes" !
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In the following lemma and theorem we consider the following norms

[(F)neril = sup(sup(()))), for (fa)ner € ((T] Co(X)),

neN xeX neN

and

1(r; (fa)nen) || = max{|r[, [|(fa)nen[}, for (r, (fo)nen) € R ( I1 Cp(X)>

0.
neN
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Lemma
For a pseudocompact space X, there exists a linear homeomorphism

h:R x (H cp(X))o = (H c,c,(X))0
neN neN

such that .
3 2|l < [|h(2)]] <3|z
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Lemma
For a pseudocompact space X, there exists a linear homeomorphism

h:Rx (H c,c,(X))0 = (H Cp(X)>o
neN neN

such that .
3 2|l < [|h(2)]] <3|z

Proof.
his given by the formula

h(r, (f)ken) = (f — fi(xo) + 1, (f — fi(X0) + fk—1(X0))k>2)
and h~" is given by the formula

h=((gk)ken) = (91(X0), (Gk — Gk(X0) + Giet1(X0))ie>1)-
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Theorem
For every pseudocompact space X, we have

(T1 0), ~ ((IL&),)"
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Theorem
For every pseudocompact space X, we have

(T1 0), ~ ((IL&),)"

Proof (1/2).
Consider the space Y = (UneNXn)U{a}, where X, ~ X for every

n € N. The topology on UneNXn is the topology of a disjoint union, and
all open neighbourhoods of a consist of {a} and cofinitely many copies
of X. Notice that Y is pseudocompact as well.

Letg: Co(Y) = R x <Hn€N C,O(X,,)>0 be given by the formula

g(f) = (f(a), (f Ix, —f(&))nen)-

Then g is a linear homeomorphism, and % Il < |lg(f)|| < 2||f].
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Proof (2/2).

Composing it with the homeomorphism from the previous Lemma we
obtain a linear homeomorphism p = hog: Cp(Y) — (HHGN C,,(X))O
is such that % Il < [lp(f)|] < 6]|f| for every f € Cp(Y). The function

P (T1Gt), = (TL(TI &), )

neN neN

given by F((fy)nen) = (P(fn))nen is a linear homeomorphism.
Consequently,

(H Cp(Y))o ~ (H (H Cp(X))o)o - (H Cp(X))o ~ Go(Y)

neN neN neN

Using Corollary we obtain,

(TI o)), ~ oY) ~ Co(¥)* ~ (I Go)) )

neN neN

R
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K. Zakrzewski (SGH)

Thank you for your attention !
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