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Szymon Żeberski

Wrocław University of Science and Technology
lukasz.mazurkiewicz@pwr.edu.pl

Winter School in Abstract Analysis 2025
29.01.2025

Łukasz Mazurkiewicz Fake nulls and meagers



Measure
Category

Measure

Łukasz Mazurkiewicz Fake nulls and meagers



Measure
Category

Measure in the Cantor space

Definition
A set F ⊆ 2ω is null if

(∀ε > 0) (∃(σn)n∈ω)

(∑
n∈ω

1
2|σn|

< ε ∧ F ⊆
⋃
n∈ω

[σn]

)
.

Lemma
Let F ⊆ 2ω be a null set. Then there is a sequence (Sn)n∈ω,
Sn ⊆ 2n,

∑ |Sn|
2n < ∞, satisfying a condition

F ⊆ {x ∈ 2ω : (∃∞n)(x↾n ∈ Sn)} .
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Fake measure in the Baire space

Definition
A set F ⊆ ωω is fake-null (F ∈ fN ) if

(∀ε > 0) (∃(σn)n∈ω)

(∑
n∈ω

1
2|σn|

< ε ∧ F ⊆
⋃
n∈ω

[σn]

)
.

Lemma
Let F ⊆ ωω be a fake-null set. Then there is a sequence (Sn)n∈ω,
Sn ⊆ ωn,

∑ |Sn|
2n < ∞, satisfying a condition

F ⊆ {x ∈ ωω : (∃∞n)(x↾n ∈ Sn)} .
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Small and closed null sets

Definition
F ∈ E if there are a partition of ω into intervals (In)n∈ω and a
sequence (Jn)n∈ω, Jn ⊆ 2In ,

∑ |Jn|
2|In| < ∞

F ⊆ {x ∈ 2ω : (∀∞n)(x↾In ∈ Jn)} .

Definition
F ∈ S if there are a partition of ω into intervals (In)n∈ω and a
sequence (Jn)n∈ω, Jn ⊆ 2In ,

∑ |Jn|
2|In| < ∞

F ⊆ {x ∈ 2ω : (∃∞n)(x↾In ∈ Jn)} .
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Fake small and closed null sets

Definition
F ∈ fE if there are a partition of ω into intervals (In)n∈ω and a
sequence (Jn)n∈ω, Jn ⊆ ωIn ,

∑ |Jn|
2|In| < ∞

F ⊆ {x ∈ ωω : (∀∞n)(x↾In ∈ Jn)} .

Definition
F ∈ fS if there are a partition of ω into intervals (In)n∈ω and a
sequence (Jn)n∈ω, Jn ⊆ ωIn ,

∑ |Jn|
2|In| < ∞

F ⊆ {x ∈ ωω : (∃∞n)(x↾In ∈ Jn)} .
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Observations

• fN is a translation-invariant σ−ideal
• fE ⊊ fS
• fN ⊥ M
• every fake null is a union of two fake smalls
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Parametrization

For now let h ∈ ωω, lim supn h(n) = ∞.

Definition
F ∈ fN (h) if there is a sequence (Sn)n∈ω, Sn ⊆ ωn,∑ |Sn|

h(n) < ∞, satisfying a condition

F ⊆ {x ∈ ωω : (∃∞n)(x↾n ∈ Sn)} .

Definition

fN (Fin) =
⋃
h

fN (h)
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Parametrization

Definition
F ∈ fE if there are a partition of ω into intervals (In)n∈ω and a
sequence (Jn)n∈ω, Jn ⊆ ωIn ,

∑ |Jn|
h(|In|) < ∞

F ⊆ {x ∈ ωω : (∀∞n)(x↾In ∈ Jn)} .

Definition
F ∈ fS if there are a partition of ω into intervals (In)n∈ω and a
sequence (Jn)n∈ω, Jn ⊆ ωIn ,

∑ |Jn|
h(|In|) < ∞

F ⊆ {x ∈ ωω : (∃∞n)(x↾In ∈ Jn)} .
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Observations

• fN (h) is a translation-invariant σ−ideal
• h ≤ g =⇒ fN (h) ⊆ fN (g)
• k < l =⇒ fN (kn) ⊊ fN (ln)
• fE(h) ⊊ fS(h)
• fN (h) ⊥ M
• fS(h) ̸⊆ fN (Fin)
• fN (Fin) is not ccc
• fE(Fin) = Kσ
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Category
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Fake meager

Definition
F ∈ M− if there are xF ∈ ωω and a partition of ω into
intervals (In)n∈ω such that

F ⊆ {x ∈ ωω : (∀∞n)(x↾In ̸= xF ↾In)} .
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Observations

• M− is a translation invariant σ−ideal
• M− ⊊ M
• fN (Fin) ̸⊥ Mi
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Another meager-like ideals

Definition
For f : ω<ω → ω let

Df = {x ∈ ωω : (∀∞n)(x(n) ̸= f (x↾n))}.

Denote Dω = {A ⊆ ωω : A ⊆ Df for some f}.

Definition
For y ∈ ωω let

Ky = {x ∈ ωω : (∀∞n)(y(n) ̸= x(n))}.

Denote by Iioe the σ−ideal generated by Ky .
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Cardinal invariants
Theorem

Iioe

Dω

M−

M

Theorem (Khomskii, Laguzzi)
cov(Iioe) = cov(Dω) = cov(M) and
non(Iioe) = non(Dω) = non(M).

Corollary
cov(M−) = cov(M) and non(M−) = non(M).
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