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Let J be an definable ideal on w, preferably analytic, Borel or F,. )

J is tall if every infinite X € w contains infinite Y € J. J

J is a P —ideal if for every {A,: new} ¢ J thereis Ae J such
that A, c* A for all n e w. J

add*(J) = min{|F|: F ¢ J-3X e JYF e FF c* X}
add™(J) > w iff J is a P-ideal J
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For an ideal J on w we have:
— (Mazur) J is F, iff J

T = Fin(9) = {Acw: 6(A) < oo},
— (Solecki) J is analytic P-ideal iff

J = Exh(¢) :={Acw: lim,¢p(A~ n) =0},
for some I.s.c.s.m. ¢: P(w) — [0, 00].
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For tall ideal consider the following two invariants:

cov*(J) =min{|F|: F€ J VX e[w]¥ IF e F X nF|=w},
covi(J) =min{|F|: Fc J VX eJ* IF e F [XnF|=w}




Covering and +-covering

For tall ideal consider the following two invariants:
cov'(J) =min{|F|: Fc J ¥X e[w]¥ IF e F | X nF|=w},
covi(J)=min{|F|: FcJ VXeJ" IFeF|XnF|=w}

add™(J) < covi(J) < cov*(T)

For example, for the ideal nwd = {Ac Q: A is nowhere dense}
we have:

add*(J) = w,
covi(J) =add(M),
cov*(J) = cov(M).
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If J and Z are ideals on w then we write J <k Z if there is
7w — w such that 771[X] € Z for every X € J.
If J <k Z then

- cov*(Z) < cov*(T),

— covi(Z) < covi(T).




Destruction and +destruction
Suppose that P is a notion of forcing and 7 is an ideal on w.
We say that:
— P destroys J if it adds infinite x € w such that [x N F| < w for
every ground model F € F,

— PP +-destroys J if it adds J-positive x € w such that
|x N F| < w for every ground model F € F
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Destruction and +destruction
Suppose that P is a notion of forcing and 7 is an ideal on w.
We say that:
— P destroys J if it adds infinite x € w such that [x n F| <w for
every ground model F € F,
— PP +-destroys J if it adds J-positive x € w such that
|x N F| < w for every ground model F € F

Typical forcing notions for destruction of J's:
Mathias-Prikry with dual filter M((J™),
Laver-Prikry with dual filter L(J™),

Laver or Mathias with J-positive sets,

Hrugdk fat forcing (for F,-ideals),
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The following are equivalent for tall Borel ideal J:
- M(J*) +-destroys J,

— there is P which +-destroys 7,
— cov(J) is uncountable.

The following are equivalent for analytic P ideal J:
- L(J*) +-destroys J,
— J is fragile.
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fin,
random graph ideal R,
Solecki ideal S,

summable ideal 71,
n

eventually different ideal EDyp,.
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EDy-ideal

Definition (Hernandez-Hernandez and Hru3ak)
Let £Dy;, be the ideal on the countable set

A={(i,j)ewxw:j<i}

made of these X ¢ A s.t. for some N € w, almost all vertical
sections of X are of size < V.

covi(EDgipn) = cov* (EDsip)

cov(N) < cov*(EDfp) < non(M)

— non(M) = max{b,cov*(EDsip) },

EDsin <k J for every tall analytic P-ideal

Aleksander Cieslak Destruction and +-destruction of ideals



— fin,

random graph ideal R,
Solecki ideal S,

summable ideal 71,
n

eventually different ideal EDyp,.
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— fin,

random graph ideal R,
Solecki ideal S,

summable ideal 71,
n

eventually different ideal EDyp,.

— summable ideal 71,
n
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— fin,

random graph ideal R,
Solecki ideal S,

summable ideal 71,

eventually different ideal EDyp,.

— summable ideal 71,

n
— trace of measure ideal tr(N),

— density zero ideal Z.
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For Ac2<¥ [et

m[A] = {x€2¥:37x|, € A}

be the Gs-closure of A. Let then tr(N) ={Ac 2<% :n[A] e N'}.

«O>» «F)r «=)r « =) = Q>




For Ac2<¥ [et
m[A] = {x€2¥:37x|, € A}

be the Gs-closure of A. Let then tr(N) ={Ac 2<% :n[A] e N'}.
— EDgp <k I1 <k tr(N),

— cov(N) < cov*(tr(N)) < max{d,cov(N)} (Hrugdk, Zapletal)
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For Ac2<¥ [et
m[A] = {x€2¥:37x|, € A}

be the Gs-closure of A. Let then tr(N) ={Ac2<:n[A]e N'}
- EDfin <k I1 <k tr(N),

— cov(N) < cov*(tr(N)) < max{d,cov(N)} (Hrugdk, Zapletal)
- J <k tr(N) iff random forcing destroys [ (Brendle, Yatabe)
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Let Z be the ideal on these A € w such that /im,
We have that tr(N) <k Z.

n

|[Ann| 0
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Let Z be the ideal on these A € w such that /im, Anal _ g,
We have that tr(N) <x Z.
- cov*(Z) < b open,
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Let Z be the ideal on these A € w such that /im, Anal _ g,
We have that tr(N) <x Z.
- cov*(Z) < b open,

— cov*(Z) <0 (Raghavan, Shelah),

n
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Let Z be the ideal on these A € w such that /im, Anal _ g,
We have that tr(N) <x Z.
- cov*(Z) < b open,

— cov*(Z) <0 (Raghavan, Shelah),
- cov*(2) <t (C),

n
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Let Z be the ideal on these A € w such that /im, Anal _ g,

n
We have that tr(N) <x Z.

- cov*(Z) < b open,

— cov*(Z) <0 (Raghavan, Shelah),
- cov*(2) <t (C),

— cov*(Z) < non(M) (folklore),
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Examples

Density zero ideal

|Ann| 0

n

Let Z be the ideal on these A € w such that /im,
We have that tr(N) <k Z.

cov*(Z) < b open,

cov*(Z) <0 (Raghavan, Shelah),

cov(Z) <t (C.),

cov*(Z) < non(M) (folklore),

cov*(Z) < max{b,non(N)} (Herndndez-Herndndez, Hruik),

v
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Examples

Density zero ideal

Let Z be the ideal on these A € w such that /im,

We have that tr(N) <k Z.

|Ann| 0

n

— cov*(Z) < b open,
— cov*(Z) <0 (Raghavan, Shelah),
- cov*(Z) <t (C),
— cov*(Z) < non(M) (folklore),
)

v

— min{b, cov(N)} < cov*(Z) (Herndndez-Hernandez, Hrusk). |
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Summarizing, we have

EDfin <k L1 <k tr(N) < Z
and thus

cov(Z) < cov(tr(N)) < cov(I%) < cov(EDsin) < non(M)
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€ is the o-ideal generated by closed, measure zero subsets of 2. )]
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Connections to closed measure zero

& is the o-ideal generated by closed, measure zero subsets of 2. J

It is known that
-ECMnN,
— cov(M),cov(N) < cov(E) < max{d, cov(N)},
— min{b,non(N)} < non(€) < non(M), non(N),
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Connections to closed measure zero

& is the o-ideal generated by closed, measure zero subsets of 2. J

It is known that
-ECMnN,
— cov(M),cov(N) < cov(E) < max{d, cov(N)},
— min{b,non(N)} < non(€) < non(M), non(N),

Theorem(C.-Farkas-Zdomskyy)
covi(Z1) <non(€) <non’(tr(N)),
covi(tr(N)) < cov(€E) < noni(Z:1).
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Recall well-known characterizations of measure and category from
Bartoszynski and Miller:

Theorem (Bartoszyriski)

add(N) is equal to:
min{|F|: F cw* and -3S € SImVf e F f c* S}

Theorem (Bartoszyriski-Miller)

non(M) is equal to:

min{|F|: Fcw” Vgew®” If € F f = g} and
min{|F|: FcSImVgew” 3Se F f * S}

Where S €S if S:w - [w]™ iss.t. [S(n)|=n.
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Relation systems

A triple R = (X,E,)) is a relation system if
— X,)Y are non-empty sets,

— C is relation between X and Y

Define then:
— The (un)bounding number
B(R) =min{|F|: FcX -y e YVxeF x<y}
— The dominating number
W(R)=min{|F|: FcY VxeXIyeF x<y}

In this way:
add(N) =b(w®,c*, SIm)
non(M) =v(w*, =%, w") = d(w*,e>,SIm)
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What happens if we take bounded versions of the above?

We get:
b(NF,c*, SIm(F, b))
y(MNF,=*°TF)

a(NF, e, Sim(F, b))

Where
— NF :=MN,F(n) for rather fast F e w*
— SeSIm(F,b) if |S(n)| < b(n) and z% <o
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We have that:

add(N) < B(NF,*, SIm(F b)) <2(TF, =" 1F) < non(M),
cov(N) <a(MF,e™

,SIm(F, b)) <v(NF,=

=* MF) <non(M)
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We have that:
add(N) <b(TNF,c*, Sim(F, b)) < o(TF, ==, NF) < non(M),
cov(N) <o(MF,e*, SIm(F,b)) <d(NF,=>,MF) <non(M)

Actually
- o(NF, ==, 1F) < cov* (EDsn),
- o(MNF,e*,SIm(F, b))SCOV*(L),
- b(NF,c*,SIm(F,b)) < cov* (Il)
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Thank you
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