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Let (X, +) be an abelian group. For A, B C X we write

A+B={a+b:acAbe B}

Definition of *operation

For a family F C P(X) let:

f*I{AgX:VFe]:A—i-F#X}.
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GCF = FCgGr

F CF*

GCF= F"Cg"

JF* is closed under taking subsets and translation invariant
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When for a family of sets we have Z = 7**7
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When for a family of sets we have Z = 7**7

Theorem(Horbaczewska, Lindner)

For any F C P(X) the following conditions are equivalent:

o Vagr(FU{A}) # F*
o F=F*
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When for a family of sets we have Z = 7**7

Theorem(Horbaczewska, Lindner)

For any F C P(X) the following conditions are equivalent:

o Vagr(FU{A}) # F*
o F=F*

If | = J* for some family J then [ = [** I
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If 7 C P(2¥) is a translation and reflection invariant proper o-ideal with
cof (J) <¢, add(J) =cand A¢ J, then

(T U{AN)" # 7"
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If 7 C P(2¥) is a translation and reflection invariant proper o-ideal with
cof (J) <¢, add(J) =cand A¢ J, then

(T U{AN)" # 7"

Take family F C J of subsets of X with card F = ¢ such that for every set
I € J there exists a set F € F covering | (I C F).

Let {z4}a<c be an enumeration of 2¢ and let {F,}o<c be an enumeration
of all sets from F. We build sequences of {x,}a<c and {ry }a<c.Take two
different xp and ryp. Let A < ¢. Suppose that we already constructed
{Xata<x and {ra}a<) and define x) and ry. Since

Uay.ap<n(Far + Xay) # 2, we can choose ry & Uy, a,<a(Far + Xa)-

8/28



Let By = 2°\ Uy, ay<a(fas — Fay). Then 29\ By € J. Obviously

2“’\(2)\ — B)\) = Z) — (2“’\B,\) € j Since A ¢ j, then A g 2“}\(2)\ — B)\),
so AN(zy — By) # (0. Hence, there are ay € A and by € B) such that

zy — by = a). Let x\ = by. Using this procedure, for every A < ¢, we
define X = {xa}a<.c. Since A+ X = 2%, the set X does not belong to

(J U{A})*. On the other hand, for & < ¢ choosing A\ > a we have

¢ X+ Fy, s0XeT
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Let By = 2\ Uy, ap<a(far — Fay)- Then 2°\By € J. Obviously

2“\(2)\ — B)\) = Z) — (2“’\8,\) € ._7 Since A ¢ j, then A g 2“}\(2)\ — B)\),

so AN(zy — By) # (0. Hence, there are ay € A and by € B) such that
zy — by = a). Let x\ = by. Using this procedure, for every A < ¢, we
define X = {x4}a<c. Since A+ X = 2%, the set X does not belong to
(J U{A})*. On the other hand, for & < ¢ choosing A\ > a we have
¢ X+ Fy, s0XeT

O

v

Can we reverse this implication? I
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Strong measure zero sets

A set A C R has a strong zero measure when for every sequence (g,) of
positive reals there exists a sequence (/,) of intervals such that |/,| < e,
and A is contained in the union of /,.
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Strong measure zero sets

A set A C R has a strong zero measure when for every sequence (g,) of
positive reals there exists a sequence (/,) of intervals such that |/,| < e,
and A is contained in the union of /,.

Strong measure zero sets but on Cantor

| \

A set A C 2“ has a strong zero measure when for every sequence (k,) of
natural numbers there exists a sequence (o,) of intervals such that
|on| = kn and A C J[on] -
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Strongly meager sets

A set X C 2% is strongly meager if for every measure zero set H it holds
that X + H # 2%,
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Strongly meager sets
A set X C 2% is strongly meager if for every measure zero set H it holds
that X + H # 2.

So using *operation we can write

SM =N~
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Theorem (Galvin-Mycielski-Solovay)

A set X C R is strongly measure zero if and only if for every meager set H
it holds that X + H # R.

15/28



Theorem (Galvin-Mycielski-Solovay)

A set X C R is strongly measure zero if and only if for every meager set H
it holds that X + H # R.

Galvin-Mycielski-Solovay Theorem also works on Cantos space.
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Theorem (Galvin-Mycielski-Solovay)

A set X C R is strongly measure zero if and only if for every meager set H
it holds that X + H # R.

Galvin-Mycielski-Solovay Theorem also works on Cantos space.
So using *operation we can write

SMZ = M*
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Borel Conjecture
SMZ = Count

dual Borel Conjecture
SM = Count
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Borel Conjecture
SMZ = Count

dual Borel Conjecture
SM = Count

® Borel Conjecture =— M # M**
® dual Borel Conjecture = N # N**
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Can we formulate a similar theorem for other ideals?
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Can we formulate a similar theorem for other ideals?

Definition

We say that a set X C R is microscopic (X € Micro) if for all € there
exists a sequence (/,) such that |/,| =" and X C J[/n].
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Can we formulate a similar theorem for other ideals?

Definition
We say that a set X C R is microscopic (X € Micro) if for all € there
exists a sequence (/,) such that |/,| =" and X C J[/n].

Definition
We say that a set X C 2“ is microscopic (X € Micro) if for all k € N
there exists a sequence (0,,) such that |0, = kn and X C |J[on].
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Can we formulate a similar theorem for other ideals?

Definition

We say that a set X C R is microscopic (X € Micro) if for all € there
exists a sequence (/,) such that |/,| =" and X C J[/n].

Definition
We say that a set X C 2“ is microscopic (X € Micro) if for all k € N
there exists a sequence (0,,) such that |0, = kn and X C |J[on].

Of course, we have SMZ C Micro C N
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Definition

We say that X C R is porous (X € P) if there exists a € (0, 1) for every
x € R there exists y such that B(y,ar) C B(x,r) and B(y,ar)N X =1
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Definition
We say that X C R is porous (X € P) if there exists a € (0, 1) for every
x € R there exists y such that B(y,ar) C B(x,r) and B(y,ar)N X =1

Definition
We say that X C 2% is porous (X € P) if there exists k for every o € 2™
there exists 8 € 2™tk o C B and [B]N X = ()
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Definition
We say that X C R is porous (X € P) if there exists a € (0, 1) for every
x € R there exists y such that B(y,ar) C B(x,r) and B(y,ar)N X =1

Definition
We say that X C 2% is porous (X € P) if there exists k for every o € 2™
there exists 8 € 2™tk o C B and [B]N X = ()

Of course we have P C M
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X € Micro=VE € P X+ E #2% I

Proof.

Theorem

If E € P, then there exists k € N such that for all m € N and a € 2™ and
every T € 2MTk  there exists 3 € 2™k such that such that o C 8 and

([F]+B)NE=10
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X € Micro=VE € P X+ E #2% I

Proof.

Theorem
If E € P, then there exists k € N such that for all m € N and oo € 2™ and
every T € 2MTk  there exists 3 € 2™k such that such that o C 8 and

([F]+B)NE=10

Let E € P. Take k € N from the Theorem above. Take X € Mic and the
sequence of (o,) such that |o,| = (n+ 1)k and X C J[op]. From
Theorem there exist [1,] € 2("*Dk for every [o,] such that

[on] + [Ta]NE=0. Let y =, 7n, then (X +y)NE =10 O
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