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Covers and covering properties
O: all open covers of X ⊆ 2ω

Γ: all γ-cover of X U is infinite and { U ∈ U : x /∈ U } is finite for all x ∈ X

Ω: all ω-covers of X X /∈ U , for finite F ⊆ X there is U ∈ U such that F ⊆ U

Hurewicz: ∀ U0, U1, . . . ∈ O ∃ finite F0 ⊆ U0, F1 ⊆ U1, . . . {
⋃

Fn : n ∈ ω } ∈ Γ
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Fn : n ∈ ω } ∈ Ω
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n = {x ∈ X : f (x)(n) = m}
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X is Menger ⇔ no continuous image of X in ωω is dominaiting.



d-unbounded sets and b(U)-scales
d-unbounded set: X such that |X | ≥ d and Y ⊆ X bounded ⇒ |Y | < d

Theorem
Let X ⊆ [ω]ω be a d-unbounded set. Then X ∪ Fin is Menger.

Theorem
Assume b = d. Let X ⊆ [ω]ω be an unbounded set. Then it has a
d-unbounded subset.

U : free ultrafilter

f ≤U g ⇔ {n : f (n) ≤ g(n)} ∈ U

b(U) : the minimal size of a ≤U -unbounded set

dominaiting scale S = {fα : α < d} ∈ ωω α < β ⇒ fα ≤∗ fβ S is dominaiting

b(U)-scale S = {fα : α < b(U)} ∈ ωω α < β ⇒ fα ≤U fβ S is ≤U -unbounded

productively Hurewicz: X such that for every Hurewicz set H product X × H is
Hurewicz
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d-unbounded sets and b(U)-scales

σ-compact ⇒ Hurewicz ⇒ Scheepers ⇒ Menger

Theorem (Szewczak-Tsaban)
Let cf(d) = d and X contain a d-unbounded set. Then there is a d-unbounded
set Y such that X × (Y ∪ Fin) is not Menger.

Theorem (Canjar)
cf(d) = d ⇒ There is an ultrafilter U such that b(U) = d.

Theorem (Szewczak-KD-Zdomskyy)
Let cf d = d and X contain a d-unbounded set. Then there are an ultrafilter U
and a b(U)-scale Y such that X × (Y ∪ Fin) is not Menger.

Theorem (Szewczak-Tsaban)
Let U be an ultrafilter, X is Hurewicz and Y is a b(U)-scale. Then
X × (Y ∪ Fin) is Scheepers.



d-unbounded sets and b(U)-scales

σ-compact ⇒ Hurewicz ⇒ Scheepers ⇒ Menger

Theorem (Szewczak-Tsaban)
Let cf(d) = d and X contain a d-unbounded set. Then there is a d-unbounded
set Y such that X × (Y ∪ Fin) is not Menger.

Theorem (Canjar)
cf(d) = d ⇒ There is an ultrafilter U such that b(U) = d.

Theorem (Szewczak-KD-Zdomskyy)
Let cf d = d and X contain a d-unbounded set. Then there are an ultrafilter U
and a b(U)-scale Y such that X × (Y ∪ Fin) is not Menger.

Theorem (Szewczak-Tsaban)
Let U be an ultrafilter, X is Hurewicz and Y is a b(U)-scale. Then
X × (Y ∪ Fin) is Scheepers.



d-unbounded sets and b(U)-scales

σ-compact ⇒ Hurewicz ⇒ Scheepers ⇒ Menger

Theorem (Szewczak-Tsaban)
Let cf(d) = d and X contain a d-unbounded set. Then there is a d-unbounded
set Y such that X × (Y ∪ Fin) is not Menger.

Theorem (Canjar)
cf(d) = d ⇒ There is an ultrafilter U such that b(U) = d.

Theorem (Szewczak-KD-Zdomskyy)
Let cf d = d and X contain a d-unbounded set. Then there are an ultrafilter U
and a b(U)-scale Y such that X × (Y ∪ Fin) is not Menger.

Theorem (Szewczak-Tsaban)
Let U be an ultrafilter, X is Hurewicz and Y is a b(U)-scale. Then
X × (Y ∪ Fin) is Scheepers.



d-unbounded sets and b(U)-scales

σ-compact ⇒ Hurewicz ⇒ Scheepers ⇒ Menger

Theorem (Szewczak-Tsaban)
Let cf(d) = d and X contain a d-unbounded set. Then there is a d-unbounded
set Y such that X × (Y ∪ Fin) is not Menger.

Theorem (Canjar)
cf(d) = d ⇒ There is an ultrafilter U such that b(U) = d.

Theorem (Szewczak-KD-Zdomskyy)
Let cf d = d and X contain a d-unbounded set. Then there are an ultrafilter U
and a b(U)-scale Y such that X × (Y ∪ Fin) is not Menger.

Theorem (Szewczak-Tsaban)
Let U be an ultrafilter, X is Hurewicz and Y is a b(U)-scale. Then
X × (Y ∪ Fin) is Scheepers.



Result
Theorem (Szewczak-Tsaban)
Let cf(d) = d. Then every productively Menger space is productively Hurewicz.

Theorem (Szewczak-KD-Zdomskyy)
Let b = d. Then every productively Scheepers space is productively Hurewicz.

Sketch of the proof:

Assume X is productively Scheepers, H is Hurewicz and X × H isn’t Hurewicz.

Z ⊂ [ω]ω – unbounded continuous image of X × H

Y – b(U)-scale such that Z × (Y ∪ Fin) is not Menger

X × H × (Y ∪ Fin) continuous−−−−−−→ Z × (Y ∪ Fin) ⇒ X × H × (Y ∪ Fin) is not
Menger
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